It is well known that lambda iterations can be used to solve multilevel non-LTE transfer equations in a reasonable number of iterations when the lambda operator is preconditioned, e.g., when the diagonal part of the operator is combined with other terms analytically. This approach is currently used successfully for the solution of model atoms with many line transitions, but sometimes a very large number of iterations is needed.
Introduction
The fundamental problem to be solved for low-density optically thick atmospheres where local thermodynamic equilibrium cannot be assumed is the simultaneous solution of the rate and transfer equations. The rate equations are used to determine the number densities of various energy levels at any location in the atmosphere given the angle-averaged radiation intensities at that location. The transfer equation is used to determine the radiation intensity at any location and direction given the number densities along a line extending from that location in the opposite direction. For simple problems the rate and transfer equations can be combined and solved directly, but this approach becomes impractical when the number of energy levels and radiative transitions is very large, because the coupling between transitions depends on the solution and must be treated iteratively.
Rather than solving the combined rate and transfer equations, one can iterate between the two. The transfer equation can be solved for the angleand frequency-integrated mean intensity J at each depth given starting values of the number densities throughout the atmosphere. This J then can be used in the rate equations to obtain new number densities everywhere, replacing the starting values. These updated number densities can be used to obtain a new J, etc. This is called the lambda iteration method. (The lambda operator is the function used to determine the mean intensity at one depth in terms of sourcefunction values throughout the atmosphere.) Such a direct lambda-iteration method converges too slowly to be practical, but various techniques have been developed to achieve convergence in a reasonable number of iterations.
A comprehensive review of this topic has been provided by Hubeny (2003) . The term "Accelerated Lambda Iteration" (ALI) ordinarily refers to removing the diagonal elements (and sometimes principal off-diagonal elements) from the lambda operator and combining these elements analytically with other terms. "Acceleration" thus refers to the faster convergence that results. Typically the convergence is still rather slow, and monotonic, so that purely numerical acceleration techniques can be applied as well.
Here we formulate the ALI method in an equivalent way but with slightly different terminology than used in Hubeny (2003) and in earlier papers. Instead of using the term "acceleration" we refer to the special treatment of diagonal elements as "preconditioning".
We use the simple case of a two-level atom to illustrate the much faster convergence that results from preconditioning, and compare with a direct solution that requires no iteration.
For a three-level case we show how to obtain a direct solution for each transition, and how to derive the coupling terms that relate each transition to the others. We use preconditioning in these coupling terms. Only the strongest transitions need to be solved directly in this way. Preconditioned lambda iterations can be used for weaker transitions. We call this a hybrid approach.
Finally, we show an example for which the ALI method essentially fails, while such a hybrid method converges in 5 to 10 iterations.
The Radiative Transfer and Rate Equations
The rate equation for level m of an N -level atom with a continuum is
